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Abstract
The concept of variety with IBN (invariant basic number) propriety
first appeared in ring theory. But we can define this concept for arbitrary
variety Θ of universal algebras with arbitrary signature Ω; see Definition
1.4.
The proving of the IBN propriety of some variety is very important
in universal algebraic geometry. This is a milestone in the study of the
relation between geometric and automorphic equivalences of algebras of
this variety.
In this paper we prove very simple but very useful for studying of IBN
proprieties of different varieties Theorems 2.1 and 3.2. We will consider
applications of this theorem.
We will consider many-sorted universal algebras as well as one-sorted.
So all concepts and all results will by generalized for the many-sorted case.
Keywords: Universal algebras, IBN-varieties, representations of groups,
representations of Lie algebras.
Mathematics Subject Classification 2020: 08B99, 17B10, 20C99.
1 Motivation and introduction
In this paper we denote the cardinality of the set A by |A|. The cardinality ℵ0
we denote by ∞. We will denote the disjoint union of sets by symbol ⊎.
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We will consider all problems and prove all results in this paper in the general
situation of many-sorted universal algebras. Also the results of this paper are
more important in the studying of varieties of many-sorted universal algebras.
We will define the many-sorted universal algebras as in [16]. We suppose
that there is a set Γ of names of sorts. A many-sorted algebra is a set H which
has ”sorting”, that is, the mapping ηH : H → Γ. The set η
−1
H (i) is the set of
elements of the sort i of the algebra H , where i ∈ Γ. We denote η−1H (i) = H
(i).
An element from H(i) we denote by h(i), in order to emphasize that it is an
element of the sort i. The situation, when exists i ∈ Γ such that H(i) = ∅, is
possible. For every subset Y ⊂ H we denote the set ηH (Y ) ⊂ Γ by ΓY . In
particular we denote imηH =
{
i ∈ Γ | H(i) 6= ∅
}
by ΓH .
We denote by Ω a signature (set of operations) of our algebras. In many-
sorted case every operation ω ∈ Ω has the type τω = (i1, . . . , in; j), where
n ∈ N, i1, . . . , in, j ∈ Γ. Operation ω ∈ Ω of the type (i1, . . . , in; j) is a mapping
ω : H(i1) × . . .×H(in) → H(j).
Definition 1.1 We suppose that many-sorted algebras A and B have a same
set Γ of names of sorts and a same signature Ω. We say that the mapping
ϕ : A→ B is a homomorphism from algebra A to algebra B if the equation
ηA = ηBϕ (1.1)
fulfills and for every ω ∈ Ω, the equation
ϕ (ω (a1, . . . , an)) = ω (ϕ (a1) , . . . , ϕ (an)) (1.2)
holds.
We suppose in (1.2) that τω = (i1, . . . , in; j), ak ∈ A
(ik), 1 ≤ k ≤ n.
The equation (1.1) means that the mapping ϕ transform the elements of the
every sort i ∈ Γ of algebra A to the elements of the same sort of algebra B.
Also we can conclude from (1.1) that no exist homomorphisms from A to B if
ΓA * ΓB. We denote by Hom (A,B) the set of homomorphisms from algebra
A to algebra B. As we can see, the situation when Hom (A,B) = ∅ is possible.
We denote ϕ|A(i) by ϕ
(i), i ∈ Γ. By (1.1) we have that ϕ(i) is a mapping from
A(i) to B(i).
A congruence U in an universal algebra H with a set Γ of names of sorts
and a signature Ω is a subset U ⊆
⊎
i∈Γ
(
H(i) ×H(i)
)
, such that for every ω ∈ Ω
with τω = (i1, . . . , in; j) and for every (hk, gk) ∈ U ∩
(
H(ik) ×H(ik)
)
, where
1 ≤ k ≤ n, holds (ω (h1, . . . , hn) , ω (g1, . . . , gn)) ∈ U . Every congruence U in
the algebra H gives as a natural epimorphism δU : H → H/U from the algebra
H to a quotient algebra H/U . In our consideration we will use without special
reminder the
Lemma 1.1 If H,G two algebras with same set of names of sorts and signature,
U is a congruence in algebra H, V is a congruence in algebra G, ϕ : H → G is
a homomorphism and ϕ (U) = {(ϕ (h′) , ϕ (h′′)) | (h′, h′′) ∈ U} ⊆ V then there
exists a homomorphism ψ : H/U → G/V , such that δV ϕ = ψδU ,
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which can be proved very easy.
The definition of the kernel of a homomorphism of many-sorted algebras
should be formulated as follows. A kernel of a homomorphism ϕ : A → B of
algebras with a set Γ of names of sorts is a subset kerϕ ⊆
⊎
i∈Γ
(
A(i) ×A(i)
)
such
that for every (a, a′) ∈ kerϕ the equality ϕ (a) = ϕ (a′) holds. A kernel of every
homomorphism is a congruence.
For a little bit different approach to the concept of a many-sorted algebra
see [8].
We fix the set of names of sorts Γ and the signature Ω. We take for every
i ∈ Γ the countable set X
(i)
0 =
{
x
(i)
1 , . . . , x
(i)
k , . . .
}
. The elements of sets X
(i)
0 ,
i ∈ Γ, we can call symbols, or letters, or variables, or generators of the sort i.
After this we consider the disjoint union X0 =
⊎
i∈Γ
X
(i)
0 . We choose the subset
X =
⊎
i∈Γ
X(i) ⊂ X0, where X
(i) = X
(i)
0 ∩X . It is possible that there exists i ∈ Γ
such that X(i) = ∅. There exists a mapping ηX : X → Γ, such that ηX (x) = i
if x ∈ X(i) ⊂ X . Similar to above we can denote imηX = ΓX .
We consider the algebra of terms with the set of names of sorts Γ and sig-
nature Ω over the set (alphabet) X . We denote this algebra by T (Γ,Ω, X) or
by T (X), if it cannot cause errors. We can define by induction by construction
in algebra T (X) sets of terms of the sort i, where i ∈ Γ, i.e., sets (T (X))
(i)
. Of
course, the decomposition T (X) =
⊎
i∈Γ
(T (X))(i) fulfills. Hence, exists a map-
ping ηT(X) : T (X)→ Γ, such that ηT(X) (t) = i if t ∈ (T (X))
(i)
. The equality
ηT(X)|X = ηX holds.
It is easy to prove by induction by construction the following
Proposition 1.1 For every X ⊂ X0, every algebra H with signature Ω such
that ΓX ⊆ ΓH and every mapping ϕ
∗ : X → H such that ηX = ηHϕ
∗, there
exists unique homomorphism ϕ : T (X)→ H such that ϕ|X = ϕ
∗.
We suppose thatX = {x1, . . . , xr} and f1 (x1, . . . , xr) = f1, f2 (x1, . . . , xr) =
f2 ∈ (T (X))
(i) for certain i ∈ ΓT(X). We say that identity f1 = f2 holds in
algebra H with the set of names of sorts Γ and the signature Ω or algebra H
satisfies the identity f1 = f2 if for every h1, . . . , hr ∈ H such that ηX (xj) =
ηH (hj), 1 ≤ j ≤ r, the equality f1 (h1, . . . , hr) = f2 (h1, . . . , hr) holds, or
in other words if for every ϕ ∈ Hom(T (X) , H) the equality ϕ (f1) = ϕ (f2)
holds. We denote this fact by H |= (f1 = f2). In particular H |= (f1 = f2)
if Hom (T (X) , H) = ∅. It is clear that, if H |= (f1 = f2), then for every
α ∈ End (T (X)) the H |= (α (f1) = α (f2)) holds. Sometimes we will denote
identities briefly: without brackets.
We consider the set of identities I. This set can by infinite. But for every
(f1 = f2) ∈ I exists finite X ⊂ X0 such that f1, f2 ∈ T (X). We say that algebra
H satisfies the set of identities I if for every (f1 = f2) ∈ I the H |= (f1 = f2)
fulfills. This fact we denote by H |= I. The class of all algebras H with set of
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names of sorts Γ and signature Ω such that H |= I we call the variety defined
by the set of identities I and denote by V ar (I). Therefore, if we consider some
variety of algebras, we suppose that set of names of sorts Γ and signature Ω are
known.
On the other hand we can consider the class of algebras Θ and the set of all
identities I (Θ) which holds in all algebras of Θ. The subset of all identities of
I (Θ) which contain only variables from a subset X ⊂ X0 we denote by I (Θ, X).
If we consider the identity (f1 = f2) as a pair (f1, f2) then for every X ⊂ X0
we have that I (Θ, X) is a congruence in T (X).
The proof of the following six facts is an easy exercise in logic rather than
in algebra.
If Λ,Λ1,Λ2 some classes of algebras with set of names of sorts Γ and signature
Ω and I, I1, I2 some sets of identities, i.e., I, I1, I2 ⊆
⊎
i∈Γ
(
T (Γ,Ω, X)
(i)
× T (Γ,Ω, X)
(i)
)
,
then
1. I1 ⊆ I2 =⇒ V ar (I1) ⊇ V ar (I2),
2. Λ1 ⊆ Λ2 =⇒ I (Λ1) ⊇ I (Λ2),
3. V ar (Λ) = V ar (I (Λ)) ⊇ Λ,
4. I (V ar (I)) ⊇ I,
5. I (V ar (I (Λ))) = I (Λ),
6. V ar (I (V ar (I))) = V ar (I), in particular, if Θ is a variety of algebras,
then V ar (I (Θ)) = Θ,
7. if Θ1,Θ2 are varieties of algebras with same set of names of sorts and same
signature then Θ1∩Θ2 is also a variety and for every X ⊂ X0 the equality
I (Θ1 ∩Θ2, X) = 〈I (Θ1, X) , I (Θ2, X)〉 holds, where 〈I (Θ1, X) , I (Θ2, X)〉
is a congruence generated by congruences I (Θ1, X) and I (Θ2, X), i.e., the
minimal congruence which contains I (Θ1, X) and I (Θ2, X).
Definition 1.2 We say that algebra FΘ (Y ), is a free algebra of the variety
Θ, generated by the set of free generators Y if
1. Y ⊆ FΘ (Y ),
2. FΘ (Y ) ∈ Θ,
3. for every H ∈ Θ such that ΓH ⊇ ΓY and for every mapping ϕ
∗ : Y → H
such that ηY = ηHϕ
∗, there exists unique homomorphism ϕ : FΘ (Y )→ H
such that ϕ|Y = ϕ
∗.
By Proposition 1.1 we have that algebra T (X) is a free algebra of the variety,
which defined by empty set of identities. This free algebra is generated by the
set of free generators X .
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The natural epimorphism T (X) → T (X) /I (Θ, X) we denote by δΘ,X .
From Proposition 1.1 and from definition of I (Θ, X) we can conclude that
T (X) /I (Θ, X) ∼= FΘ (Y ) , (1.3)
where Y = δΘ,X (X).
Definition 1.3 We say that the variety Θ is i-degenerate, where i ∈ Γ, if(
x
(i)
1 = x
(i)
2
)
∈ I (Θ). If for every i ∈ Γ the inclusion
(
x
(i)
1 = x
(i)
2
)
∈ I (Θ)
holds, then we call the variety Θ degenerate. We say that the variety Θ is i-
nondegenerate, where i ∈ Γ, if
(
x
(i)
1 = x
(i)
2
)
/∈ I (Θ). The variety Θ is called
nondegenerate if it is i-nondegenerate for every i ∈ Γ.
Proposition 1.2 If the variety Θ is i-degenerate, then for every H ∈ Θ the
equality
∣∣H(i)∣∣ ∈ {0, 1} holds.
Proof. We suppose that
∣∣H(i)∣∣ > 1. It means that there are h(i)1 , h(i)2 ∈ ∣∣H(i)∣∣.
We consider the algebra T
(
x
(i)
1 , x
(i)
2
)
and the mapping ϕ∗ :
{
x
(i)
1 , x
(i)
2
}
→ H ,
such that ϕ∗
(
x
(i)
j
)
= h
(i)
j , j = 1, 2. By Proposition 1.1 there exists a homomor-
phism ϕ : T
(
x
(i)
1 , x
(i)
2
)
→ H , such that ϕ
|
{
x
(i)
1 ,x
(i)
2
} = ϕ∗.
(
x
(i)
1 = x
(i)
2
)
∈ I (Θ),
so ϕ
(
x
(i)
1
)
= ϕ
(
x
(i)
2
)
. It means that h
(i)
1 = h
(i)
2 and gives a contradiction with∣∣H(i)∣∣ > 1.
Proposition 1.3 The variety Θ is i-nondegenerate, if and only if the natural
epimorphism δΘ,X : T (X) → T (X) /I (Θ, X) ∼= FΘ (δΘ,X (X)) is an injection
on X(i).
Proof. We suppose that variety Θ is i-nondegenerate, i.e.,
(
x
(i)
1 = x
(i)
2
)
/∈
I (Θ), but there are x
(i)
j1
, x
(i)
j2
∈ X(i) such that x
(i)
j1
6= x
(i)
j2
and δΘ,X
(
x
(i)
j1
)
=
δΘ,X
(
x
(i)
j2
)
. It means that
(
x
(i)
j1
= x
(i)
j2
)
∈ I (Θ, X). There exists an endo-
morphism α of T (X) such that α
(
x
(i)
j1
)
= x
(i)
1 and α
(
x
(i)
j2
)
= x
(i)
2 . Hence(
x
(i)
1 = x
(i)
2
)
∈ I (Θ).
From
(
x
(i)
1 = x
(i)
2
)
∈ I (Θ) we immediately conclude as in the proof of
Proposition 1.2 that for every x
(i)
j1
, x
(i)
j2
∈ X(i) the equation δΘ,X
(
x
(i)
j1
)
=
δΘ,X
(
x
(i)
j2
)
holds.
We can prove from definition of a free algebra of variety, that if FΘ (Y ) , FΘ (Z)
are free algebras of the variety Θ with the sets of free generators Y =
⊎
i∈Γ
Y (i),
Z =
⊎
i∈Γ
Z(i) correspondingly, and for every i ∈ Γ the equality
∣∣Y (i)∣∣ = ∣∣Z(i)∣∣
holds, then FΘ (Y ) ∼= FΘ (Z).
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Proposition 1.4 Up to isomorphism all free algebras of the variety Θ have a
form (1.3).
Proof. Let FΘ (Z) is a free algebra of the variety Θ, where Z =
⊎
i∈Γ
Z(i). We
take the set X =
⊎
i∈Γ
X(i), such that for every i ∈ Γ the equality
∣∣X(i)∣∣ =∣∣Z(i)∣∣ holds. We consider the algebra of terms T (X) and the free algebra
FΘ (Y ) of the variety Θ where Y = δΘ,X (X). We have that Y = δΘ,X (X) =⊎
i∈Γ
δΘ,X
(
X(i)
)
. We denote δΘ,X
(
X(i)
)
by Y (i). If for any i ∈ Γ we have that
Θ is i-nondegenerate variety, then by Proposition 1.3 we have that
∣∣X(i)∣∣ =∣∣Y (i)∣∣ = ∣∣Z(i)∣∣. If for i ∈ Γ we have that Θ is i-degenerate variety then by Propo-
sition 1.2
∣∣Z(i)∣∣ = 0 or ∣∣Z(i)∣∣ = 1. We have in the first case that ∣∣X(i)∣∣ = 0 and∣∣Y (i)∣∣ = 0. We have in the second case that ∣∣X(i)∣∣ = 1 and ∣∣Y (i)∣∣ = 1. Therefore
in all theses cases we have that
∣∣Y (i)∣∣ = ∣∣Z(i)∣∣. Hence FΘ (Z) ∼= FΘ (Y ).
If f1, f2 ∈ T (X), then δΘ,X (f1) , δΘ,X (f2) ∈ FΘ (δΘ,X (X)). We sup-
pose that H ∈ Θ. We can say that identity δΘ,X (f1) = δΘ,X (f2) holds
in algebra H , and can denote H |= (δΘ,X (f1) = δΘ,X (f2)), if for every ψ ∈
Hom(FΘ (X) , H) the equality ψ (δΘ,X (f1)) = ψ (δΘ,X (f2)) holds. As above,
if H |= (δΘ,X (f1) = δΘ,X (f2)), then for every α ∈ End (FΘ (δΘ,X (X))) the
H |= (α (δΘ,X (f1)) = α (δΘ,X (f2))) holds.
Now we consider two varieties Θ and ∆ such that Θ ⊃ ∆. The inclusion
I (Θ, X) ⊂ I (∆, X) holds in this situation. We have by the Third Theorem of
Isomorphism that
(T (X) /I (Θ, X)) / (I (∆, X) /I (Θ, X)) = FΘ (δΘ,X (X)) / (I (∆, X) /I (Θ, X)) ∼=
T (X) /I (∆, X) ∼= F∆ (δ∆,X (X)) .
For everyX =
⊎
i∈Γ
X(i) ⊂ X0 we consider all identities of the form δΘ,X (f1) =
δΘ,X (f2), where f1, f2 ∈ T (X), which hold in all algebras of the variety ∆.
As above the set of all such identities can be considered as congruence in
FΘ (δΘ,X (X)) and we denote it by IΘ (∆, X). For every algebra H ∈ Θ and
every homomorphism ϕ ∈ Hom(T (X) , H) there exists unique homomorphism
ψ ∈ Hom(FΘ (δΘ,X (X)) , H) such that ϕ = ψδΘ,X . From this fact we immedi-
ately conclude that (I (∆, X) /I (Θ, X)) = IΘ (∆, X) and
F∆ (δ∆,X (X)) ∼= FΘ (δΘ,X (X)) /IΘ (∆, X) . (1.4)
We will denote IΘ (∆, X) by I (∆, X), if it cannot cause errors.
This research is motivated by universal algebraic geometry. All definitions of
the basic notions of the universal algebraic geometry can be found, for example,
in [9], [10], [11] and [12]. Also, there are fundamental papers [1], [7] and [2], [3].
The relation between geometric and automorphic equivalences of universal
algebras of some variety Θ is a one important question of universal algebraic
geometry (see [11] and [12]). We need for the studying of this relation, at first,
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consider the category Θ0 of the finitely generated free algebras of the variety Θ.
Objects of this category are the finitely generated free algebras of the variety
Θ and morphisms of this category are their homomorphisms. After this we
consider the quotient group A/Y, where A is the group of all automorphisms
of the category Θ0 and Y is the subgroup of all inner automorphisms of this
category. If this quotient group is trivial, then the geometric and automorphic
equivalences are coincides in the variety Θ (see [11]). If the group A/Y is not
trivial, then often, but not always, we can give example of two algebras of
the variety Θ which are automorphic equivalent but not geometric equivalent.
From this place onwards we consider only finitely generated free algebras of
some variety Θ, i.e., algebras FΘ (X), where X ⊂ X0 and |X | <∞.
For the computing of the group A/Y was elaborated on the simple but very
strong method of the verbal operations (see [13] and [16]). This method can be
applied only when the
Condition 1.1 For every Φ ∈ A, every i ∈ Γ and every x(i) ∈ X
(i)
0 the iso-
morphism Φ
(
FΘ
(
x(i)
))
∼= FΘ
(
x(i)
)
holds.
fulfills in the variety Θ.
Definition 1.4 We say that the variety Θ is an i-IBN-variety, where i ∈ Γ,
if from FΘ (Y ) ∼= FΘ (Z), where Y =
⊎
j∈Γ
Y (j), Z =
⊎
j∈Γ
Z(j) are sets of free
generators of corresponding algebras , we can conclude that
∣∣Y (i)∣∣ = ∣∣Z(i)∣∣. The
variety Θ is called IBN-variety or variety which has an IBN propriety if it
is an i-IBN-variety for every i ∈ Γ.
In the case of one-sorted algebras the Condition 1.1 is weaker than the IBN
propriety. From the IBN propriety of the variety Θ we can conclude by the
method of [14, Section 5] that in this variety the Condition 1.1 holds. But exist
varieties in which the Condition 1.1 holds though these varieties have no the
IBN propriety.
Example 1 We consider some field k and vector space V over this field such
that dimk V = ∞. We denote by A the ring of all linear operators over the
vector space V : A = EndkV . It is known that variety AM of all rights modules
over the ring A has not the IBN propriety.
In this variety hold these isomorphisms: A ∼= A ⊕ A ∼= A ⊕ A ⊕ A ∼= . . . ∼=
A⊕ . . .⊕A︸ ︷︷ ︸
n times
∼= . . .. But (E. Aladova) in this variety the Condition 1.1 holds,
because in this variety all free algebras are isomorphic.
In the case of many-sorted algebras we can not conclude Condition 1.1 di-
rectly from the IBN propriety.
Example 2 SET − COUP is the variety of the couples of sets.
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This is a variety of two-sorted algebras (Γ = {1, 2}) with empty signature
and defined by empty set of identities. We denote this variety by SET − COUP .
It is clear that this variety has an IBN propriety. We consider the functor Φ :
SET − COUP0 → SET − COUP0 which ”switch” the sets in the couple, or,
more formal, the functor Φ such that
Φ (FSET −COUP (X)) = FSET −COUP (Y ) ,
whereX =
{
x
(1)
α1 , . . . x
(1)
αm
}
⊎
{
x
(2)
β1
, . . . x
(2)
βn
}
, Y =
{
x
(1)
β1
, . . . x
(1)
βn
}
⊎
{
x
(2)
α1 , . . . x
(2)
αm
}
,
and
Φ (f : FSET −COUP (A)→ FSET −COUP (C)) =
g : FSET −COUP (S)→ FSET −COUP (T ) ,
whereA =
{
x
(1)
α1 , . . . x
(1)
αk
}
⊎
{
x
(2)
β1
, . . . x
(2)
βl
}
, C =
{
x
(1)
γ1 , . . . x
(1)
γp
}
⊎
{
x
(2)
δ1
, . . . x
(2)
δr
}
,
S =
{
x
(1)
β1
, . . . x
(1)
βl
}
⊎
{
x
(2)
α1 , . . . x
(2)
αk
}
, T =
{
x
(1)
δ1
, . . . x
(1)
δr
}
⊎
{
x
(2)
γ1 , . . . x
(2)
γp
}
and
if f
(
x
(1)
αi
)
= x
(1)
γj , f
(
x
(2)
βu
)
= x
(2)
δw
, then g
(
x
(1)
βu
)
= x
(1)
δw
, g
(
x
(2)
αi
)
= x
(2)
γj . This
functor is the inverse of itself, but
Φ
(
FSET −COUP
(
x
(1)
1
))
= FSET −COUP
(
x
(2)
1
)
≇ FSET −COUP
(
x
(1)
1
)
.
It means that Condition 1.1 holds not in this variety.
But in many cases, we can use some additional considerations to deduce
Condition 1.1 from the IBN propriety of some variety. See, for example, [16,
Section 5] about variety of all actions of semigroups over sets, variety of all
automatons, variety of all representations of groups, and [17, Section 4] about
very wide class of subvarieties of the variety of all representation of Lie algebras.
Therefore, the proving of the IBN propriety of some variety is a milestone
in the study of the relation between geometric and automorphic equivalences of
algebras of this variety.
2 Simple cases
In this section we consider such varieties for which the IBN-property can be
proved directly.
Example 3 The variety of all vector spaces over a fixed field k.
We consider vector spaces over a fixed field k as one-sorted algebras. For
every scalar λ ∈ k the multiplication of vectors by this scalar we consider as
unary operation. The linear map from the one vector space to other can be
uniquely defined by the images of the basic vectors. Therefore all vector spaces
over a fixed field k are free algebras of this variety and the vectors of basis are
free generators of these algebras. It is known that isomorphic vector spaces have
same cardinality of bases, therefore this variety has the IBN-property.
We will prove this
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Theorem 2.1 If T (X) ∼= T (Y ) then for every i ∈ Γ the equality
∣∣X(i)∣∣ = ∣∣Y (i)∣∣
holds.
Proof. We will define by induction by construction the length of terms, i.e.,
elements of algebra T (X). We will denote the length of t ∈ T (X) by l (t).
We define that length 0 have only generators, i.e., elements of the set X and
constants of the signature Ω. We suppose that we just defined what terms have a
length i for every i < n, where i, n ∈ N. Now we we will defined what terms have
a length n. We consider the operation ω ∈ Ω such that arity r of this operation
is positive, i.e., r > 0. If t1, . . . , tr ∈ T (X), such that l (t1) , . . . , l (tr) < n and
max {l (t1) , . . . , l (tr)} = n− 1, then l (ω (t1, . . . , tr)) = n.
Now we consider the situation when there exists a homomorphism ϕ :
T (X) → T (Y ). The length of terms is defined both in T (X) and T (Y ). We
will prove by induction by length of term that for every t ∈ T (X) the inequality
l (t) ≤ l (ϕ (t)) holds. If l (t) = 0, then this inequality is trivial. We suppose that
we proved this inequality when l (t) < n, where n ∈ N. Let l (t) = n. It means
by our definition that t = ω (t1, . . . , tr), where ω ∈ Ω, the arity of the operation
ω is equal to r, t1, . . . , tr ∈ T (X) and max {l (t1) , . . . , l (tr)} = n−1. So, ϕ (t) =
ω (ϕ (t1) , . . . , ϕ (tr)). We have that l (ti) ≤ l (ϕ (ti)), 1 ≤ i ≤ r, according to
the hypothesis of induction. Therefore max {l (ϕ (t1)) , . . . , l (ϕ (tr))} ≥ n − 1
and l (ϕ (t)) = max {l (ϕ (t1)) , . . . , l (ϕ (tr))}+ 1 ≥ n = l (t) = n.
Now we suppose that there exists an isomorphism ϕ : T (X) → T (Y ). We
will prove that for every i ∈ Γ there exists a bijection ψi : X
(i) → Y (i). We
consider x(i) ∈ X(i) and will prove that ϕ
(
x(i)
)
∈ Y (i). If ϕ (x) = t ∈ T (Y ),
then ϕ−1 (t) = x. ϕ−1 : T (Y )→ T (X) is also a homomorphism. It was proved
that l (t) ≤ l
(
ϕ−1 (t)
)
= l (x) = 0. Therefore t ∈ Y or t = c is a constant.
We we have in the second case that t = c is also an element of T (X) and
ϕ (x) = t = c = ϕ (c), which contradicts the injectivity of the mapping ϕ. In
the first case we have by (1.1) that ϕ
(
x(i)
)
∈ Y (i). It means that there exists
a mapping ψi = ϕ|X(i) : X
(i) → Y (i). We have by symmetry that also there
exists a mapping χi =
(
ϕ−1
)
|Y (i)
: Y (i) → X(i). It is clear that χiψi = idX(i)
and ψiχi = idY (i) . Therefore ψi is a bijection. This completes the proof.
We conclude from this theorem that
Example 4 Varieties defined by empty set of identities
are IBN-varieties.
In particular
Example 5 The variety of all sets
is an IBN-variety.
Example 6 The variety of all graphs.
We consider graphs as 2-sorted algebras. The first sort is a sort of edges of a
graph, the second sort is a sort of vertices of a graph. The signature of graphs
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contain 2 unary operations: h and t. The operation h define a head of an edge
and the operation t define a tail of an edge. These operations have a same type:
τh = τ t = (1; 2). The variety of all graphs defined by empty set of identities, so
this variety is an IBN-variety.
Example 7 The variety of all automatons.
This variety was considered in [16]. We consider automatons as 2-sorted
algebras. The first sort is a sort of input signals, the second sort is a sort of
statements of an automaton, the third sort is a sort of output signals. Ω = {∗, ◦}.
Operation ∗ gives as a new statement of an automaton according to an input
signal and a previous statement of automaton. τ∗ = (1, 2; 2). Operation ◦ gives
an output signal according to an input signal and a statement of automaton.
τ◦ = (1, 2; 3). The variety of all automatons defined by empty set of identities,
so this variety is an IBN-variety.
3 Functor D. General results.
In this section we study IBM property of a variety by properties of its subvari-
eties. This method seems to us rather strong. We can choose such subvarieties
that an observation of their free algebras is very simple. The first result in this
direction was obtained by [4]. Were considered the one-sorted algebras and was
proved the
Theorem 3.1 The variety Θ is an IBM-variety if there exists a subvariety
∆ ⊂ Θ such that ∆i is a nondegenerate and for every F ∈ Ob∆
0 the inequality
|F | <∞ holds.
We will consider one example as an application of this theorem. We will use
this example below.
Example 8 A nondegenerate variety of groups.
We will prove that every nondegenerate variety of groups is an IBN-variety.
We denote some nondegenerate variety of groups, which we will consider, by Θ.
By [5, Theorem 15.1.10], Θ defined by set of identities
W =
{
xd1 = 1, u1 = 1, u2 = 1, . . .
}
,
where d ∈ N, d 6= 1, ui are elements of commutators of free groups F (X), such
that |X | <∞. We will consider two cases:
Case 1 2 | d, in particular d = 0.
In this case we consider the subvariety ∆ ⊂ Θ defined by identity
x21 = 1.
This is a nondegenerate variety and by theorem about finitely generated abelian
group every group of this variety generated by n generators contains 2n elements.
Therefore ∆ fulfills conditions of Theorem 3.1 and Θ is an IBN-variety.
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Case 2 2 ∤ d.
In this case there exists a prime number p > 2 such that p | d. We consider
the subvariety ∆ ⊂ Θ defined by identities
x21 = 1, x1x2 = x2x1.
As above, this is a nondegenerate variety and every group of this variety gen-
erated by n generators contains pn elements. And as above, we conclude from
Theorem 3.1 that Θ is an IBN-variety.
In this section we generalize the Theorem 3.1.
We consider only free algebras of varieties which have form (1.3), because by
Proposition 1.4 all free algebras of varieties are isomorphic to the free algebras
of this form.
We consider a variety of universal algebras Θ with a set Γ of names of
sorts. If ∆ ⊂ Θ then by (1.4) F∆ (δ∆,X (X)) ∼= FΘ (δΘ,X (X)) /IΘ (∆, X). We
will denote by δΘ∆,X : FΘ (δΘ,X (X)) → FΘ (δΘ,X (X)) /IΘ (∆, X) the natural
epimorphism.
Lemma 3.1 If∆ ⊂ Θ then for every ϕ ∈MorΘ0 (FΘ (δΘ,X (X)) , FΘ (δΘ,Y (Y )))
there exists unique ϕ∗ ∈ Mor∆0 (F∆ (δ∆,X (X)) , F∆ (δ∆,Y (Y ))) such that δ
Θ
∆,Y ϕ =
ϕ∗δΘ∆,X .
Proof. We have for every (f = g) ∈ IΘ (∆, X) the (ϕ (f) = ϕ (g)) ∈ IΘ (∆, Y )
holds. Therefore, there exists a homomorphism ϕ∗ : FΘ (δΘ,X (X)) /IΘ (∆, X) ∼=
F∆ (δ∆,X (X))→ FΘ ((δΘ,Y (Y ))) /IΘ (∆, Y ) ∼= F∆ (δ∆,Y (Y )) such that δ
Θ
∆,Y ϕ =
ϕ∗δΘ∆,X .
If there are ϕ1, ϕ2 ∈Mor∆0 (F∆ (δ∆,X (X)) , F∆ (δΘ,Y (Y ))) such that δ
Θ
∆,Y ϕ =
ϕ1δ
Θ
∆,X and δ
Θ
∆,Y ϕ = ϕ2δ
Θ
∆,X , then ϕ1δ
Θ
∆,X = ϕ2δ
Θ
∆,X , and, because δ
Θ
∆,X is an
epimorphism, ϕ1 = ϕ2.
Now we will define the functor D : Θ0 → ∆0. We define the mapping D
from ObΘ0 to Ob∆0 and from MorΘ0 to Mor∆0 as follows:
1. D (FΘ (δΘ,X (X))) = F∆ (δ∆,X (X)) ∼= FΘ (δΘ,X (X)) /IΘ (∆, X),
2. if ϕ ∈MorΘ0 (FΘ (δΘ,X (X)) , FΘ (δΘ,Y (Y ))) then
D (ϕ) = ϕ∗ ∈ Mor∆0 (F∆ (δ∆,X (X)) , F∆ (δ∆,Y (Y )))
such that δΘ∆,Y ϕ = ϕ
∗δΘ∆,X .
By Lemma 3.1 the D (ϕ) exists and is well-defined.
Corollary 1 The mapping D is a functor.
Proof. For every FΘ (δΘ,X (X)) ∈ ObΘ
0 we have that δΘ∆,XidFΘ(δΘ,X(X)) =
idF∆(δ∆,Y (Y ))δ
Θ
∆,X , so D
(
idFΘ(δΘ,X(X))
)
= idD(FΘ(δΘ,X(X))).
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If FΘ (δΘ,X1 (X1)) , FΘ (δΘ,X2 (X2)) , FΘ (δΘ,X3 (X3)) ∈ ObΘ
0 and
ϕ1 ∈MorΘ0 (FΘ (δΘ,X1 (X1)) , FΘ (δΘ,X2 (X2))) ,
ϕ2 ∈MorΘ0 (FΘ (δΘ,X2 (X2)) , FΘ (δΘ,X3 (X3))) ,
then by Lemma 3.1 we have that δΘ∆,X2ϕ1 = D (ϕ1) δ
Θ
∆,X1 and δ
Θ
∆,X3ϕ2 =
D (ϕ2) δ
Θ
∆,X2 . So
δΘ∆,X3ϕ2ϕ1 = D (ϕ2) δ
Θ
∆,X2ϕ1 = D (ϕ2)D (ϕ1) δ
Θ
∆,X1 .
Therefore D (ϕ2ϕ1) = D (ϕ2)D (ϕ1).
Theorem 3.2 The variety Θ is an IBM-variety if for every i ∈ Γ there exists
a subvariety ∆i ⊂ Θ such that ∆i is an i-nondegenerate i-IBN-variety.
Proof. The variety Θ, which fulfills the condition of this theorem, is a nonde-
generate variety.
We consider FΘ (δΘ,X (X)) , FΘ (δΘ,Y (Y )) ∈ ObΘ
0 such that FΘ (δΘ,X (X)) ∼=
FΘ (δΘ,Y (Y )). The functor D which corresponds to the variety ∆i by Corollary
1 transforms this isomorphism to the isomorphism F∆i (δ∆i,X (X))
∼= F∆i (δ∆i,Y (Y )).
∆i is an i-IBN-variety, so
∣∣∣(δ∆i,X (X))(i)
∣∣∣ = ∣∣∣(δ∆i,Y (Y ))(i)
∣∣∣. δ∆i,X and δ∆i,Y
are homomorphisms, hence (δ∆i,X (X))
(i) =
(
δ∆i,X
(
X(i)
))
, (δ∆i,Y (Y ))
(i) =(
δ∆i,Y
(
Y (i)
))
. ∆i is an i-nondegenerate, therefore, by Proposition 1.3,
∣∣X(i)∣∣ =∣∣Y (i)∣∣. Θ is a nondegenerate variety, so ∣∣δΘ,X (X(i))∣∣ = ∣∣δΘ,Y (Y (i))∣∣ and∣∣∣(δΘ,X (X))(i)
∣∣∣ = ∣∣∣(δΘ,Y (Y ))(i)
∣∣∣. This equality holds for every i ∈ Γ, hence
Θ is an IBM-variety.
Now we will demonstrate the application of this theorem to some varieties of
one-sorted and many-sorted algebras. In the following examples we will consider
wide enough classes of varieties of algebras. For arbitrary variety Θ from theses
wide classes and for every name of sort i ∈ Γ of elements of theses algebras
we will define by some identity a variety ∆i which will by an i-IBN variety. If
for every i ∈ Γ the varieties will be i-nondegenerate we can conclude that the
variety Θ is an IBN variety.
Example 9 A nondegenerate variety of linear algebras over a fixed field k.
Linear algebras are the vector spaces with an additional binary operation
called multiplication, which is a bilinear. We consider a nondegenerate variety
Θ of linear algebras over a fixed field k. We take a subvariety ∆ ⊂ Θ defined in
Θ by identity
x1x2 = 0, (3.1)
i.e., subvariety of linear algebras with null multiplication. Every algebra of this
subvariety is a vector space equipped by null multiplication. Homomorphism of
algebras of this subvariety are linear map. So, as in Example 3, every algebra
of this subvariety is a free algebras and the vectors of the basis of this vector
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space are free generators. Hence, as in Example 3, the subvariety ∆ has the
IBN property. The variety ∆ is a nondegenerate, because every vector space
can by equipped by null multiplication. Hence by Theorem 3.2 the variety Θ
has the IBN property.
Example 10 (A. Sivatski) A nondegenerate variety of semigroups.
Let Θ is a nondegenerate variety of semigroups. We consider a subvariety
∆ ⊂ Θ defined in Θ by identity
x1x2 = x1. (3.2)
We suppose that the variety ∆ is a nondegenerate variety. Then the free semi-
group F∆ (X) of the subvariety ∆ is a set X with the multiplication defined by
identity (3.2) and every mapping of sets from F∆ (X) = X to F∆ (Y ) = Y is
a homomorphism of these semigroups. Therefore, by Example 5, if F∆ (X) ∼=
F∆ (Y ) then |X | = |Y | and the variety Θ has the IBN-property.
If Θ is a nondegenerate variety of commutative semigroups then the subva-
riety defined in Θ by identity (3.2) is a degenerate variety, because from the
identities x1x2 = x2x1 and x1x2 = x1 we conclude the identity x1 = x2. So
we need use another approach for the proving of IBN-property of varieties of
commutative semigroups.
Example 11 A nondegenerate variety of commutative semigroups.
Let Θ is a nondegenerate variety of commutative semigroups. We consider
a subvariety ∆ ⊂ Θ defined in Θ by identity
x2 = x.
We suppose that the variety ∆ is a nondegenerate variety. We consider a finite
set X = {x1, . . . , xn} and a semigroup F∆ (X) which is free semigroup in the
subvariety ∆ and generated by the set X of free generators. Every element
of F∆ (X) can be presented in the form xi1xi2 . . . xim , where 1 ≤ m ≤ n,
i1 < i2 < . . . < im. Hence |F∆ (X)| < ∞ and by Theorem 3.1 the variety Θ is
an IBM-variety.
4 Examples of varieties of 2-sorted algebras
Now we will consider three examples of varieties of 2-sorted algebras i.e., such
that Γ = {1, 2}. The studying of the IBM-properties of these varieties was
started in [6]. Here we present an approach that is more general and uniform.
So the considerations in all of these examples will be very similar.
A signature Ω of every algebra which we will study in these examples fulfills
the
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Condition 4.1 A signature Ω is separated into three classes of algebraic op-
erations: Ω = Ω(1) ⊎ Ω(2) ⊎ Ωa.The operations from the first class Ω
(1) give
results in the first sort of algebras and have arguments also only from the first
sort. The operations from the second class Ω(2) give results in the second sort
of algebras and have arguments also only from the second sort. And the third
class Ωa contain only one binary operation which we call ”action” and denote
by ◦, this operation has type τ◦ = (1, 2; 2).
Now we will prove some proprieties of algebras which signatures have such
separation.
We consider some signature which fulfills Condition 4.1, some setX = X(1)⊎
X(2) ⊂ X0 such that |X | <∞ and algebra of terms T ({1, 2} ,Ω, X) = T (X).
Proposition 4.1 The equality T (X)
(1)
= T
(
{1} ,Ω(1), X(1)
)
holds.
Proof. We will prove the inclusion T (X)
(1)
⊆ T
(
{1} ,Ω(1), X(1)
)
by induction
by construction. The elements of the set X(1) and all constants of the first
sort are elements of T
(
{1} ,Ω(1), X(1)
)
. This is a basis of induction. Now we
will prove the step of induction. We consider a term ω (t1, . . . , tn) ∈ T (X)
(1)
,
where t1, . . . , tn ∈ T (X). So τω = (i1, . . . , in; 1), where i1, . . . , in ∈ {1, 2}.
Our signature fulfills Condition 4.1, hence i1 = . . . = in = 1. Therefore
ω ∈ Ω(1) and t1, . . . , tn ∈ T (X)
(1)
. By assumption of induction t1, . . . , tn ∈
T
(
{1} ,Ω(1), X(1)
)
, so ω (t1, . . . , tn) ∈ T
(
{1} ,Ω(1), X(1)
)
.
We can prove the inclusion T
(
{1} ,Ω(1), X(1)
)
⊆ T (X)(1) also by induction
by construction even simpler than previous inclusion.
Now we consider some nondegenerate variety Θ of algebras which fulfill Con-
dition 4.1. The inclusion I (Θ, X) ⊂
(
T (X)
(1)
× T (X)
(1)
)
⊎
(
T (X)
(2)
× T (X)
(2)
)
holds, because I (Θ, X) is a congruence in T (X). The intersection I (Θ, X) ∩(
T (X)
(1)
× T (X)
(1)
)
which we denote by (I (Θ, X))
(1)
is a congruence in T (X)
(1)
=
T
(
{1} ,Ω(1), X(1)
)
, so elements of (I (Θ, X))
(1)
can be considered as identities
in the class of one-sorted algebras with signature Ω(1). We denote an union⋃
X⊂X0,|X|<∞
(I (Θ, X))
(1)
by (I (Θ))
(1)
. If we considered elements of (I (Θ))
(1)
as identities of one-sorted algebras with the signature Ω(1), then they define the
variety of one-sorted algebras with signature Ω(1), which we denote by Θ(1).
If we considered elements of (I (Θ))(1) as identities of 2-sorted algebras with
signature Ω, then they define the variety of 2-sorted algebras with signature Ω,
which we denote by Θ˜(1).
Proposition 4.2 If A = A(1) ⊎ A(2) is an arbitrary algebra of the variety Θ,
then A(1) ∈ Θ(1).
Proof. By Condition 4.1 the set A(1) is a one-sorted algebra with signature
Ω(1). We consider some identity
(f1 (x1, . . . , xr) = f2 (x1, . . . , xr)) ∈ (I (Θ))
(1)
. (4.1)
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By Proposition 4.1 all elements of the set X = {x1, . . . , xr} are elements of the
first sort, so X = X(1) =
{
x
(1)
1 , . . . , x
(1)
r
}
. We consider some homomorphism
ψ : T
(
{1} ,Ω(1), X(1)
)
→ A(1). By Proposition 1.1 there exists a homomorphism
ϕ : T (X) → A, such that ϕ
(
x
(1)
j
)
= ψ
(
x
(1)
j
)
, 1 ≤ j ≤ r. A ∈ Θ, so A fulfills
the identity (4.1) as identity of 2-sorted algebras with signature Ω. There-
fore these equalities fulfill: ϕ
(
f1
(
x
(1)
1 , . . . , x
(1)
r
))
= ϕ
(
f2
(
x
(1)
1 , . . . , x
(1)
r
))
,
f1
(
ϕ
(
x
(1)
1
)
, . . . , ϕ
(
x
(1)
r
))
= f2
(
ϕ
(
x
(1)
1
)
, . . . , ϕ
(
x
(1)
r
))
, f1
(
ψ
(
x
(1)
1
)
, . . . , ψ
(
x
(1)
r
))
=
f2
(
ψ
(
x
(1)
1
)
, . . . , ψ
(
x
(1)
r
))
. f1 (x1, . . . , xr) , f2 (x1, . . . , xr) ∈ T
(
{1} ,Ω(1), X(1)
)
,
hence we obtain an equality ψ
(
f1
(
x
(1)
1 , . . . , x
(1)
r
))
= ψ
(
f2
(
x
(1)
1 , . . . , x
(1)
r
))
.
It means that A(1) fulfills the identity (4.1) as identity of one-sorted algebras
with signature Ω(1). Therefore A(1) ∈ Θ(1).
Proposition 4.3 The variety Θ(1) is nondegenerate.
Proof. We consider the set X = X(1) =
{
x
(1)
1 , x
(1)
2
}
. The variety Θ is nonde-
generate, so by Proposition 1.3 the free algebra FΘ (δΘ,X (X)) contains no less
then 2 elements of the first sort. By Proposition 4.2 (FΘ (δΘ,X (X)))
(1)
∈ Θ(1).
Hence, by Proposition 1.2, the variety Θ(1) is nondegenerate.
Proposition 4.4 If Θ(1) is an IBN-variety, then Θ is an 1-IBN-variety.
Proof. In the beginning we consider a set X = X(1) ⊎ X(2). There exists a
natural epimorphism δΘ,X : T (X) → FΘ (δΘ,X (X)), where FΘ (δΘ,X (X)) is
a free algebra of the variety Θ with the set of free generators δΘ,X (X). We
will prove that (FΘ (δΘ,X (X)))
(1) is a free algebra of the variety Θ(1) with the
set of free generators δΘ,X
(
X(1)
)
. By Condition 4.1 δ
(1)
Θ,X is a homomorphism
of one-sorted algebras with signature Ω(1). By definition ker δΘ,X = I (Θ, X),
so ker δ
(1)
Θ,X = I (Θ, X) ∩
(
T (X)(1) × T (X)(1)
)
= (I (Θ, X))(1). δΘ,X is an
epimorphism, so imδ
(1)
Θ,X = (FΘ (δΘ,X (X)))
(1). By Proposition 4.1 the equal-
ity T (X)
(1)
= T
(
{1} ,Ω(1), X(1)
)
holds. So imδ
(1)
Θ,X = (FΘ (δΘ,X (X)))
(1) ∼=
T (X)
(1)
/ ker δ
(1)
Θ,X = T
(
{1} ,Ω(1), X(1)
)
/ (I (Θ, X))
(1)
. By definition an alge-
bra T
(
{1} ,Ω(1), X(1)
)
/ (I (Θ, X))
(1)
is a free algebra of the variety Θ(1) with
the set of free generators δ
(1)
Θ,X
(
X(1)
)
= δΘ,X
(
X(1)
)
.
Now we suppose that there exists an isomorphism ϕ : FΘ (δΘ,X (X)) →
FΘ (δΘ,Y (Y )) of two free algebras of the the variety Θ.ϕ
(1) : (FΘ (δΘ,X (X)))
(1)
→
(FΘ (δΘ,Y (Y )))
(1)
is a bijection and a homomorphism of one-sorted algebras
with signature Ω(1), so ϕ(1) is an isomorphism. As we proved above (FΘ (δΘ,X (X)))
(1)
and (FΘ (δΘ,Y (Y )))
(1) are free algebras of the variety Θ(1) with sets of free gen-
erators δΘ,X
(
X(1)
)
and δΘ,Y
(
Y (1)
)
respectively. If Θ(1) is an IBN-variety, then
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∣∣δΘ,X (X(1))∣∣ = ∣∣δΘ,Y (Y (1))∣∣. The equalities δΘ,X (X(1)) = δΘ,X (X)(1) and
δΘ,Y
(
Y (1)
)
= δΘ,Y (Y )
(1)
hold, so Θ is an 1-IBN-variety.
Now we consider the variety Λ defined by identity
x(1) ◦ x(2) = s
(
x(2)
)
, (4.2)
where s
(
x(2)
)
is some term from element x(2) constructed by operations of Ω(2),
i.e., element of T
(
{2} ,Ω(2), x(2)
)
.
Proposition 4.5 If Λ is a subvariety of some variety ∆, then for every X ⊂ X0
and every f ∈ T (X)(2) there exists f ′ ∈ T
(
{2} ,Ω(2), X(2)
)
such that δ
(2)
∆,X (f) =
δ
(2)
∆,X (f
′), where δ∆,X : T (X)→ F∆ (δ∆,X (X)) is a natural epimorphism.
Proof. We will prove this fact by induction by construction. For elements of
the set X(2) and for constant of the second sort this fact is trivial. This is an
induction basis. Now we will make an induction step.
In the first case we suppose that f = ω (t1, . . . tn), where ω ∈ Ω
(2) and
t1, . . . , tn ∈ T (X)
(2)
. By induction hypothesis there exist t′1, . . . , t
′
n ∈ T
(
{2} ,Ω(2), X(2)
)
,
such that δ
(2)
∆,X (ti) = δ
(2)
∆,X (t
′
i), 1 ≤ i ≤ n. Therefore δ
(2)
∆,X (f) = δ
(2)
∆,X (ω (t1, . . . , tn)) =
ω
(
δ
(2)
∆,X (t1) , . . . , δ
(2)
∆,X (tn)
)
= ω
(
δ
(2)
∆,X (t
′
1) , . . . , δ
(2)
∆,X (t
′
n)
)
= δ
(2)
∆,X (ω (t
′
1, . . . , t
′
n)).
ω (t′1, . . . , t
′
n) = f
′ ∈ T
(
{2} ,Ω(2), X(2)
)
.
In the second case we suppose that f = t(1) ◦ t(2), where t(1) ∈ T (X)
(1)
,
t(2) ∈ T (X)(2). By induction hypothesis there exists t′ ∈ T
(
{2} ,Ω(2), X(2)
)
,
such that δ
(2)
∆,X
(
t(2)
)
= δ
(2)
∆,X (t
′). F∆ (δ∆,X (X)) is an algebra of the variety ∆,
so it fulfills the identity (4.2). Therefore δ
(2)
∆,X (f) = δ
(2)
∆,X
(
t(1)
)
◦ δ
(2)
∆,X
(
t(2)
)
=
s
(
δ
(2)
∆,X
(
t(2)
))
= s
(
δ
(2)
∆,X (t
′)
)
= δ
(2)
∆,X (s (t
′)). s (t′) = f ′ ∈ T
(
{2} ,Ω(2), X(2)
)
.
Corollary 1 The equality δ
(2)
∆,X
(
T (X)
(2)
)
= (F∆ (δ∆,X (X)))
(2)
= δ
(2)
∆,X
(
T
(
{2} ,Ω(2), X(2)
))
holds.
Now we denote by ∆ a subvariety of the variety Θ, defined by the identity
(4.2). Therefore ∆ is a subject of Proposition 4.5.
For everyX ⊂ X0 such that |X | <∞ we denote I (∆, X)∩
(
T
(
{2} ,Ω(2), X(2)
)
× T
(
{2} ,Ω(2), X(2)
))
by (I (∆, X))(2). An union
⋃
X⊂X0,|X|<∞
(I (∆, X))(2) we denote by (I (∆))(2).
(I (∆, X))
(2)
is a congruence in T
(
{2} ,Ω(2), X(2)
)
, so elements of (I (∆))
(2)
can
be considered as identities of one-sorted algebras with the signature Ω(2). The
variety defined by these identities we denote by ∆(2). We define the variety ∆(1)
in the same way as we previously defined the variety Θ(1).
Now we consider an one-sorted algebra H(1) with signature Ω(1), such that
H(1) ∈ ∆(1), and an one-sorted algebra H(2) with signature Ω(2), such that
H(2) ∈ ∆(2). We construct a 2-sorted algebra H = H(1) ⊎H(2), such that H(1)
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is a set of elements of a first sort of algebra H and H(2) is a set of elements of a
second sort of algebra H . We define the action elements of H(1) over elements
of H(2) this way
∀h(1) ∈ H(1), h(2) ∈ H(2) h(1) ◦ h(2) = h(2). (4.3)
By Condition 4.1 the algebra H is an algebra of signature Ω.
Proposition 4.6 H is an algebra of the variety ∆.
Proof. We consider a set X = X(1) ⊎X(2) ⊂ X0, such that |X | <∞, and alge-
bra of terms T (X). We suppose that (f, g) ∈ I (∆, X)∩
(
T (X)(2) × T (X)(2)
)
⊂
I (∆). It means that (f, g) ∈ ker δ∆,X , i.e., δ∆,X (f) = δ∆,X (g). By Proposi-
tion 4.5 there exist f ′, g′ ∈ T
(
{2} ,Ω(2), X(2)
)
such that δΛ,X (f) = δ
(2)
Λ,X (f) =
δ
(2)
Λ,X (f
′) = δΛ,X (f
′) and δΛ,X (g) = δ
(2)
Λ,X (g) = δ
(2)
Λ,X (g
′) = δΛ,X (g
′). Therefore
(f, f ′) , (g, g′) ∈ ker δΛ,X = I (Λ, X) . (4.4)
Now we consider an arbitrary homomorphism ϕ : T (X)→ H . H ∈ Λ, so
ϕ (f) = ϕ (f ′) , ϕ (g) = ϕ (g′) . (4.5)
We denote by I0 the subset of T
({
x(1), x(2)
})(2)
×T
({
x(1), x(2)
})(2)
, which
contains only identity (4.2). Λ = V ar (I0), ∆ = V ar (I (Θ) ∪ I0). Hence ∆ ⊆ Λ
and I (∆) ⊇ I (Λ). ker δ∆,X = I (∆, X) ⊇ ker δΛ,X = I (Λ, X), so, by (4.4)
δ∆,X (f) = δ
(2)
∆,X (f) = δ
(2)
∆,X (f
′) = δ∆,X (f
′) and δ∆,X (g) = δ
(2)
∆,X (g) =
δ
(2)
∆,X (g
′) = δ∆,X (g
′). Hence (f ′, g′) ∈ ker δ∆,X = I (∆, X). So (f
′, g′) ∈
(I (∆, X))
(2)
⊂ (I (∆))
(2)
. Here we consider (f ′ = g′) as an identity of one-
sorted algebras with the signature Ω(2). ϕ|T({2},Ω(2),X(2)) : T
(
{2} ,Ω(2), X(2)
)
→
H(2) is a homomorphism from the one-sorted algebra of terms with signature
Ω(2) to the one-sorted algebra H(2) with same signature. H(2) ∈ ∆(2), so
ϕ (f ′) = ϕ (g′). By (4.5) we conclude that ϕ (f) = ϕ (g), i.e., H |= (f = g).
Now we consider (f, g) ∈ I (∆, X) ∩
(
T (X)
(1)
× T (X)
(1)
)
. By Proposition
4.1 we can consider (f = g) as an identity of one-sorted algebras with the sig-
nature Ω(2). We consider an arbitrary homomorphism ϕ : T (X) → H . By
Proposition 4.1 ϕ(1) : T
(
{1} ,Ω(1), X(1)
)
→ H(1) is a homomorphism from the
one-sorted algebra of terms with signature Ω(1) to the one-sorted algebra H(1)
with same signature, (f, g) ∈ (I (∆))
(1)
, H(1) ∈ ∆(1), so ϕ (f) = ϕ(1) (f) =
ϕ(1) (g) = ϕ (g), i.e., H |= (f = g).
Proposition 4.7 For every set X = X(1)⊎X(2) ⊂ X0 the algebra (F∆ (δ∆,X (X)))
(2)
=
δ
(2)
∆,X
(
T
(
{2} ,Ω(2), X(2)
))
is a free algebra of the variety ∆(2) with the set of
generators δ
(2)
∆,X
(
X(2)
)
.
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Proof. We consider an arbitrary algebra of the variety ∆(2). This algebra we
denote by H(2). We consider an arbitrary mapping ϕ∗ : δ
(2)
∆,X
(
X(2)
)
→ H(2).
∆ is a subject of the Proposition 4.2, so the algebra (F∆ (δ∆,X (X)))
(1)
which
we denote by H(1) is an algebra of the variety ∆(1). We consider the set
H = H(1) ⊎ H(2) with operations of the signature Ω(1) defined in H(1) and
operations of the signature Ω(2) defined in H(2). We define the action ele-
ments of H(1) over elements of H(2) by formula (4.3). For every x(1) ∈ X(1)
we define ϕ∗
(
δ
(1)
∆,X
(
x(1)
))
= δ
(1)
∆,X
(
x(1)
)
∈ (F∆ (δ∆,X (X)))
(1)
= H(1). By
Proposition 4.6 we have that H ∈ ∆. So there exists a homomorphism ϕ :
(F∆ (δ∆,X (X)))→ H , such that ϕ|δ∆,X(X) = (ϕ
∗)|δ∆,X(X). ϕ
(2) : (F∆ (δ∆,X (X)))
(2) =
δ
(2)
∆,X
(
T
(
{2} ,Ω(2), X(2)
))
→ H(2) is a homomorphism of one-sorted algebras
with signature Ω(2), such that
(
ϕ(2)
)
|δ
(2)
∆,X(X(2))
= ϕ∗, i.e., the equality
(
ϕ(2)δ
(2)
∆,X
) (
x(2)
)
=(
ϕ∗δ
(2)
∆,X
) (
x(2)
)
holds for every x(2) ∈ X(2).
We suppose that there is an other homomorphism χ : δ
(2)
∆,X
(
T
(
{2} ,Ω(2), X(2)
))
→
H(2) of one-sorted algebras with signature Ω(2) such that χ
|δ
(2)
∆,X(X(2))
= ϕ∗, i.e.,
the equality
(
χδ
(2)
∆,X
) (
x(2)
)
=
(
ϕ∗δ
(2)
∆,X
) (
x(2)
)
holds for every x(2) ∈ X(2). By
Proposition 1.1 we have that ϕ(2)δ
(2)
∆,X = χδ
(2)
∆,X and, because δ
(2)
∆,X is an epi-
morphis, we conclude that ϕ(2) = χ.
Corollary 1 If ∆(2) is a nondegenerate variety, then ∆ is 2-nondegenerate
variety.
Proof.
(
x
(2)
1 , x
(2)
2
)
∈ T
(
{2} ,Ω(2),
{
x
(2)
1 , x
(2)
2
})
× T
(
{2} ,Ω(2),
{
x
(2)
1 , x
(2)
2
})
.
So, if
(
x
(2)
1 , x
(2)
2
)
∈ I (∆), then
(
x
(2)
1 , x
(2)
2
)
∈ (I (∆))
(2)
.
Corollary 2 If ∆(2) is an IBN-variety, then ∆ is a 2-IBN variety.
Proof. We suppose that there exists an isomorphism ϕ : (F∆ (δ∆,X (X))) →
(F∆ (δ∆,Y (Y ))), where X = X
(1)⊎X(2), Y = Y (1)⊎Y (2) ⊂ X0. Therefore ϕ
(2) :
(F∆ (δ∆,X (X)))
(2)
→ (F∆ (δ∆,Y (Y )))
(2)
is an isomorphism. (F∆ (δ∆,X (X)))
(2)
is a free algebra of the variety ∆(2) with the set of generators δ
(2)
∆,X
(
X(2)
)
,
(F∆ (δ∆,Y (Y )))
(2)
is a free algebra of the variety ∆(2) with the set of generators
δ
(2)
∆,Y
(
Y (2)
)
, ∆(2) is an IBN variety, so
∣∣∣δ(2)∆,X (X(2))
∣∣∣ = ∣∣∣δ(2)∆,Y (Y (2))
∣∣∣.
Proposition 4.8 The variety of sets has no nondegenerate subvarieties.
Proof. Nontrivial identities in the variety of sets have form xi = xj , but, if
all sets of some subvariety of the variety of sets fulfill this identity, then this
subvariety is a degenerate.
Proposition 4.9 The variety of vector spaces over some fixed field k has no
nondegenerate subvarieties.
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Proof. Nontrivial identities in the variety of vector spaces have form
r∑
i=1
λixi =
0, where exists i, 1 ≤ i ≤ r, such that λi 6= 0. We apply to this identity the
linear transformation which transform xi to λ
−1
i x1 and xj , where 1 ≤ j ≤ r
and i 6= j, to 0, and obtain the identity x1 = 0. If all vector spaces of some
subvariety of the variety of vector spaces fulfill this identity, then this subvariety
is a degenerate.
Example 12 Varieties of actions of semigroups over sets.
In this example we consider varieties of actions of semigroups over sets.
Actions of semigroups over sets are 2-sorted algebras, i.e., Γ = {1, 2}. The first
sort is a sort of elements of semigroups, the second sort is a sort of elements
of sets. Ω = {·, ◦}: · is a multiplication in the semigroup, ◦ is an action of
the elements of the semigroup over the elements of the set. τ · = (1, 1; 1),
τ◦ = (1, 2; 2).
We denote by Θ some nondegenerate variety of actions of semigroups over
sets.
If Θ(1) is an IBN-variety, in particular, one from varieties considered in
Examples 10 and 11 then, by Proposition 4.4, Θ is an 1-IBN-variety.
As a variety Λ we consider the variety of trivial action, i.e., the variety
defined by identity
x(1) ◦ x(2) = x(2).
If ∆(2) is a nondegenerate variety, then, by Proposition 4.8, ∆(2) is a variety
of sets. Hence, by Example 5, ∆(2) is an IBN-variety. By Corollaries 1 and 2
from Proposition 4.7 we have that ∆ is a 2-nondegenerate 2-IBN-variety. By
Theorem 3.2 we can conclude in this case that Θ is an IBN-variety.
Example 13 Varieties of representations of Lie algebras over a fixed field k.
In this example we consider varieties of representations of Lie algebras over
some fixed field k. A representation of Lie algebras we consider as 2-sorted
algebra, i.e., Γ = {1, 2}. The first sort is a sort of elements of a Lie algebra, the
second sort is a sort of vectors of some vector space over a fixed field k. As in
Example 3, the multiplication of elements of the Lie algebra and vectors by any
scalar λ ∈ k we consider as two different unary operations. All operations over
vectors of the vector space have all arguments of the sort 2 and give a result of
the sort 2. All operations over elements of the Lie algebra have all arguments of
the sort 1 and give a result of the sort 1. An operation of an action of elements
of the Lie algebra over vectors of the vector space, which we denote by ◦, has a
type τ◦ = (1, 2; 2).
We denote by Θ some nondegenerate variety of representations Lie algebras
over the field k. By Proposition 4.3 the variety Θ(1) is nondegenerate. So, Θ(1)
is a nondegenerate variety of Lie algebras over the field k and, by Example 9,
Θ(1) is an IBN-variety. Hence, by Proposition 4.4, Θ is an 1-IBN-variety.
As a variety Λ we consider the variety of null action, i.e., the variety defined
by identity
x(1) ◦ x(2) = 0(2).
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Proposition 4.10 ∆(2) is a nondegenerate variety.
Proof. In the proof of this proposition we denote elements δΞ,X (x), δΛ,X (x),
δΘ,X (x), δ∆,X (x) and x ∈ X ⊂ X0 by same symbol x. This cannot cause
confusion here.
Λ is a nondegenerate variety because for every Lie algebras over the field k
we can define a null action over an arbitrary vector space over the field k.
In [17, Theorem 3.1.] (see also [15]) was proved that for every variety Ξ
of representations Lie algebras over the field k the free algebra FΞ (X) of this
variety generated by set X = X(1) ⊎X(2) ⊂ X0 has this form:
(FΞ (X))
(1)
= LΞ
(
X(1)
)
= L
(
X(1)
)
/IΞ
(
X(1)
)
,
(FΞ (X))
(2)
=
⊕
x(2)∈X(2)
(
AΞ
(
X(1)
)
x(2)
)
,
where L
(
X(1)
)
is a free Lie algebra, generated by the set X(1), IΞ
(
X(1)
)
is a
multihomogeneous ideal of this algebra,
⊕
x(2)∈X(2)
(
AΞ
(
X(1)
)
x(2)
)
is a direct sum
of
∣∣X(2)∣∣ copies of LΞ (X(1)) cyclic module AΞ (X(1)) = A (X(1)) /BΞ (X(1)),
where A
(
X(1)
)
is a free associative algebra with unit, generated by the set X(1),
BΞ
(
X(1)
)
is a multihomogeneous two-sided ideal of this algebra.
It is clear that BΛ
(
X(1)
)
⊇
〈
X(1)
〉
, where
〈
X(1)
〉
is a two-sided ideal of
algebraA
(
X(1)
)
, generated by all elements of setX(1).
〈
X(1)
〉
is a maximal two-
sided ideal of A
(
X(1)
)
, because A
(
X(1)
)
/
〈
X(1)
〉
∼= k. Λ is a nondegenerate
variety, so BΛ
(
X(1)
)
=
〈
X(1)
〉
.
Now we consider BΘ
(
X(1)
)
. If there exists λ ∈ k such that λ 6= 0 and
λ ∈ BΘ
(
X(1)
)
, then the identities λx(2) = 0 and x(2) = 0 belong to I (Θ, X).
But this contradicts the fact that Θ is a nondegenerate variety. Therefore
BΘ
(
X(1)
)
⊆
〈
X(1)
〉
= BΛ
(
X(1)
)
. B∆
(
X(1)
)
=
〈
BΘ
(
X(1)
)
, BΛ
(
X(1)
)〉
=
BΛ
(
X(1)
)
. Hence (F∆ (X))
(2) =
⊕
x(2)∈X(2)
((
A
(
X(1)
)
/
〈
X(1)
〉)
x(2)
)
∼=
⊕
x(2)∈X(2)
kx(2)
is a vector space over k which has dimension
∣∣X(2)∣∣. By Corollary 1 from Propo-
sition 4.5 δ
(2)
∆,X
(
T (X)
(2)
)
= (F∆ (X))
(2)
= δ
(2)
∆,X
(
T
(
{2} ,Ω(2), X(2)
))
and by
Proposition 4.7 δ
(2)
∆,X
(
T
(
{2} ,Ω(2), X(2)
))
is a free algebra of the variety ∆(2).
Therefore ∆(2) is a nondegenerate variety.
So ∆ is a 2-nondegenerate variety by Corollary 1 from Proposition 4.7. Also
we conclude from Propositions 4.10, 4.9 and Example 3 that ∆(2) is an IBN-
variety. Hence, by Propositions 2 ∆ is a 2-IBN-variety. Now we can conclude
from Theorem 3.2 that Θ is an IBN-variety.
Example 14 Varieties of representations of groups over a fixed field k.
In this example we consider varieties of representations of groups over a
fixed field k. A representation of a group we consider as 2-sorted algebra, i.e.,
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Γ = {1, 2}. The first sort is a sort of elements of a group, the second sort is a
sort of vectors of some vector space over a fixed field k. As in Example 3, the
multiplication of vectors by any scalar λ ∈ k we consider as unary operation.
All operations over vectors of the vector space have all arguments of the sort
2 and give a result of the sort 2. All operations over elements of the group:
multiplication; an operation that gives to each element its inverse and constant
1 - have all arguments of the sort 1 and give a result of the sort 1. An operation
of action of elements of the group over vectors of the vector space, which we
denote by ◦, has a type τ◦ = (1, 2; 2).
We denote by Θ some nondegenerate variety of representations of groups over
a fixed field k. By Proposition 4.3 the variety Θ(1) is nondegenerate. So, Θ(1)
is a nondegenerate variety of groups and, by Example 8, Θ(1) is an IBN-variety.
Hence, by Proposition 4.4, Θ is an 1-IBN-variety.
As a variety Λ we consider the variety of trivial action, i.e., the variety
defined by identity
x(1) ◦ x(2) = x(2).
Proposition 4.11 ∆(2) is a nondegenerate variety.
Proof. In the proof of this proposition we denote elements δΞ,X (x), δΛ,X (x),
δΘ,X (x), δ∆,X (x) and x ∈ X ⊂ X0 by same symbol x. This cannot cause
confusion here.
Λ is a nondegenerate variety because for every group we can define a trivial
action over an arbitrary vector space over the field k.
We can prove by method of [17, Section 3] that for every variety Ξ of rep-
resentations Lie algebras over the field k the free algebra FΞ (X) of this variety
generated by set X = X(1) ⊎X(2) ⊂ X0 has this form:
(FΞ (X))
(1)
= GΞ
(
X(1)
)
= G
(
X(1)
)
/HΞ
(
X(1)
)
,
(FΞ (X))
(2)
=
⊕
x(2)∈X(2)
(
kG
(
X(1)
)
/IΞ
(
X(1)
))
x(2),
where G
(
X(1)
)
is a free group, generated by the set X(1), HΞ
(
X(1)
)
is a fully
invariant subgroup of this group, kFΞ
(
X(1)
)
is a k-group algebra over the group
GΞ
(
X(1)
)
,
⊕
x(2)∈X(2)
(
kG
(
X(1)
)
/IΞ
(
X(1)
))
x(2) is a direct sum of
∣∣X(2)∣∣ copies
of kG
(
X(1)
)
cyclic module, IΞ
(
X(1)
)
is a two-sided ideal of algebra kG
(
X(1)
)
,
which is invariant under all endomorphisms of kG
(
X(1)
)
, defined by endomor-
phisms of G
(
X(1)
)
. See also [18, Section 0.2].
By [18, Section 0.2, Example 1], IΛ
(
X(1)
)
= Aug
(
X(1)
)
an augmentation
ideal of kG
(
X(1)
)
, i.e., kernel of the homomorphism ε : kG
(
X(1)
)
→ k, defined
by homomorphism G
(
X(1)
)
→ {1k}. IΘ
(
X(1)
)
⊆ Aug
(
X(1)
)
by [18, Proposi-
tion 0.2.3]. Therefore, as in Example 13, I∆
(
X(1)
)
=
〈
IΘ
(
X(1)
)
, IΛ
(
X(1)
)〉
=
IΛ
(
X(1)
)
. Hence (F∆ (X))
(2)
=
⊕
x(2)∈X(2)
(
kG
(
X(1)
)
/I∆
(
X(1)
))
x(2) ∼=
⊕
x(2)∈X(2)
kx(2)
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is a vector space over k which has dimension
∣∣X(2)∣∣. From this we conclude, as
in Example 13, that ∆(2) is a nondegenerate variety.
We have, as in Example 13, that ∆ is a 2-nondegenerate 2-IBN-variety and
Θ is an IBN-variety.
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